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IX. Cn Infinite Series. By Edward Waring, M. D. F, R, & Lyca- 

fiau Prefejfor of Mathematics in the Univerjity of Cambridge. 



Read March 24, 1791. 

'ERCATOR firft published the con titration of the 
common method of divifioa to an infinite fenes of 
terms preceding according to the dimenfions of a variable quan- 
tity ; Newton did the fame for the common method of ex- 
traction of roots. Dr. Barrow before applied the fame princi- 
ples in fome eafy examples to find the afymptotes of curves. 

2. The methods of divifion and extraction of roots were 
long before taught; but the continuation of them in in- 
finitum would have been ufelefs, as the areas of curves, whofe 

« 

ordinates are ax m (where # denotes the abfcifs, and a, n, and m 
invariable quantities) had not been difcovered many years before 
the time of Mercator's Publication, and consequently it 
would have been of little ufe to transform an ordinate or fluxion.,, 
whofe area or fluent is unknown, into another form, of which, 
the area, &c. is equally unknown. 

3. Sir Isaac Newton extended the rule for railing a bino- 
mial (to any affirmative power) to negative powers, the ex- 
traction of roots and fractional indexes, by applying the law 
of the feries for affirmative powers to them, and continuing it 
in infinitum. M. de Moivre extracted the root, &c. of a 
multinomial by a feries of a fimilar nature ; but thefe methods 

will 
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will only apply in the moft fimple cafes, when not more than 
one root is to be extracted. In every complicate cafe (viz. 
the extraction of roots of quantities which involve the roots of 
compound quantities) of irrational quantities, recourfe rauft 
be had to the old methods of multiplication, divifion, and 
extraction of roots. 

4. If a root of a complicate irrational quantity be required 
by a feries proceeding according to the dimenfions of x ; firft 
reduce all the irrational quantities contained under the root by 
multiplication, divifion, and extraction of roots into feriefes 
proceeding according to the dimenfions of x, to that the terms 
of the leaft dimenfions be conffituted fir ft, if an afcending 
feries be required, and fo on ; and the contrary, if a descend- 
ing ; then add the feveral fums together, and extfa£t the root 
of the refulting fum by a feries which proceeds according to 
the dimenfions of x, and it will be the root required. 

Ex. Let the value of the quantity v' (x~ 1 + a+-6-+~cxyc 

s/ (d-¥ ex + v / (/+ £**)) + v/(^ + &O) De required by an af- 
cending feries ; firft, extract: the innermoft root s/if+g**)**] 

jfi-l_ lf_~.& G . which add to the quantity d+ex contained un- 

der the fame root (/»), and place the terms of the fum 
according to the dimenfions of x t and it becomes (d+fi) + ex + l 

SL - &c. of which extract the Cm) root, and there refults ■ 

1 _ _ r — « ■ i — am 



&c» multiply this feries into b + cx y and thence is derived 
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b xd+fi m + —f> xd+ji - x e\x + &tc. = P ; extract the root 



+ c x d +Ji' 



k^ 



s/h + kx 2, ~hi-\ — j + &c. = Q; add the three quautities P, Q, 

2 b 2, 

and x~ z + a contained under the fame root v^together, and the 
feries refulting, whofe terms are conftituted according to the 



dimenfions of x, will be x~ z + (a + b x d+f* m + hi= A) + 



i — — m x. 

(- bx d +fi ~ x e + c x d -\-fi m = B)x + &c. ; of which ex- 

tract the cube root v 7 , and it will be x~% + 1 Ax^ + ±Bx 7 * + &c. 
the root required. 

5. The principal ufe of reducing quantities into feries pro- 
ceeding according to the dimenfions of the variable quantity is 
as before mentioned for finding the area of a curve from its 
ordinate ; or, which correfponds, the integral from its nafcent 
or evanefcent increment ; but the feriefes deduced fhouid con- 
verge, otherwife from them cannot be found the area or integral. 
In the Meditationes Analyticae a method was firfr. publifhed 
of finding when thefe feries will converge and when not, e. g. 
the feries a + bx + cx z + dx 3 + &c. = / (A + Bx + Cx z + Dx 1 + 
&c.) w x x — ~P will converge when (#) either affirmative or ne- 
gative is lefs than the leafl root («) of the equation A + B# + 
CV + Dx 3 + &c.=o, if the roots are poflible. A fimilar rule is 
given when fome of the roots are impoffible. The feries will di- 
verge when x is greater than a, and the cafes are given in which 
it will converge when x ~ «. The feries defcendiug according to 
the dimenfions of x will converge when x is greater than the 
greateft root of the equation, &c. Thefe principles are fur- 
2 ther 
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ther applied in the fame Book to complicate irrational alge- 
braical functions of x, &c. 

Hence mod commonly the feries for the area contained be- 
tween two ordinates, or integral .between two different incre- 
ments deduced by the common method will diverge ; on which, 
account, in the fame Book, is given a method by interpolation 
of finding the area or integral contained between any two dif- 
ferent values of x by converging feries, if the area, &c. is finite. 

6. To find whether a given value ( + <?) is lefs than the 
leaft affirmative or negative root (x) of a given algebraical 
equation A + Bx + Cx* + Dx 3 + &c. = o, if all its roots are 
poftible ; transform the equation into another, whofe root z is 

the reciprocal of the root x = - of the given equation, and for 

% in the refulting equation write refpectively v + a and v — a\. 
and if from the former fubftitution all the terms become ne- 
gative or affirmative, and from the latter they become alter- 
nately negative and affirmative, then will a be lefs than 
the leaft root of the given equation. If in the fame manner, in 
the given equation for x be fubftituted v + a and v-'a, and 
the terms refult as before, then will (a) be greater than the 
greateft root affirmative or negative of the given equation. 

7. When the integral of an algebraical quantity, whofe in- 
crements are finite, is required ; firft, by the method given in 
Medit. Analyt. inveftigate the integral in finite terms, if it can be 
exprefled by them; but if not, reduce it into infinite feriefes of 
which the integral of each of the terms Can be found, and alio 
the feriefes for finding the integral contained between the two 
different given values of the variable quantity may converge. 

Seriefes of this kind have been given in the Medit. Analyt. 
and innumerable of a like kind may be added for finding 

integrals 
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integrals by converging feriefes either afcending.br defcending, 
of which the given increments are either finite or evanefcent. 

7. 2. It may be obferved, that generally the particular cafe of 
which the increments are nafcent or evanefcent may be deduced 
from the general, in which the increments are finite j and con- 
feq.uently in many cafes the general will, mutatis mutandis, 
correfpond to the particular ; e. g. 1. the integral cannot be 
expreffed in finite algebraical terms, when any factor in the 
denominator of the increment has not a fucceflive correfpon- 
dent one ; which is analogous to the cafe of the limple divifbr 
in the denominator of a fluxion publifhed in the Quadrature of 
Curves. 2. Nor can it be exprefled by the above-mentioned 
terms, when the dimenfions of the variable quantity in the 
denominator exceed its dimenfions in the numerator by unity, 
which correfponds to a fimilar cafe in fluxions firft given in 
Medit. Analyt. To thefe may feveral others be added. 

8. Let the fluent of the fluxion (A+Bx a + Cx™ + &:c.) m x 
afi-*x =* ax % + bx*+* + c x 9 *™-*- &c. = (A + Bx" + Cx l * 4- &c.)"*f * X 
ax 9 + j3x 6 +" + yx s + ltt ■+ &c. = a'x % -f b'x K - n + c'x K - M -\- &c. a* 

(A + Bx" + Cx" + &c.) M + I x «V + j3V-'-"-f-y V' -2 " + &c. 

1. If the infinite afcending fer\es<xx s + j2x e +" +yx s + zn + &c. con- 
verges, then will the feries ax 9 + Ax 9 +» 4. cx s + 2n + &c. converge, 
and nearly in the fame ratio ; and vice verfd, if the former 
diverges, the latter will alfb diverge. In the fame manner if 
the infinite defcending feries «V «f jG V - ** + y V~" + &c. con- 
verges, then will the feries a V + 6'x x ~" ■+■ c V - ** + &c. con- 
verge ; and if the former diverges, then will the latter alfo 
diverge ; and in all the cafes nearly in the fame ratio, except 
only when their convergency is the leaft. 

,7 2. If 
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2. If the feries /W 9 + ^ +s + ^ e+2 " + &c. converges, then will 
the feries a V + b V~ 8 + </# x - 2B + &c. diverge, unlefs in cafes of 

the flowed convergency, where x = =*=v -s/=i= i , and all the 

roots of the given equation are of the formula ±t) V / =*= i ; 

when x = zi=v\/=^i, the fucceffive terms of the infinite feries 
deduced from algebraical quantities by the preceding method 
will ultimately, that is, at an infinite diftance come more near 
to a ratio of equality with each other than any affignable 
difference. 

3. If the fluxion be (A + B^+C^ as . x rn ) m x* 5 - 1 *, then 

will X = mm + 6, and a' = - rn. 

Many more proportions concerning infinite feries and their 
convergency are given in the Medit. Analyt. 



4. Let the fluxion be a + bx n xx"x, of which find the fluent 
in a feries afeending according to the dimenfions of x n , and it 

will be a m xx h + l f_i-+ — ^— x - x'-tm . ,, m ~ l — ■ x ?-x** 

\b+i h + n+l a ■ 2(fl+2»+i) a % 

jf.m-. -— . -~- — — — - x t xi + &c «) = m — +i 



f m . x — : r-- J- &c. — a + bx" 



mn + b+i —n 2 »2«+^-{~ *— 2" 

/ #* +I »Hh7(?0+£+I £_ j + „ +I (w+ I (»),+ & + l).(»+2(»)+^4.t) 

^ J+ia ~~ b+ 1 . £+ 1 +» fl2 + ITl .^+i+« • A+i + 2« 

*l^+3»+i + &C.) = (fo» + *)"+* X f - TT— -T7 Xtf 8 * 1 — -j 



J, 



b+i-nxb+i ^a*** b — ■ x **+*-« - &c. (L)v The 

mn + b+iXm?i-kh+i-nX.mn-]rh+l—ZnXt> i 

firffc 
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firft feries, which afcends according to the dimenfions of x", 

terminates, when'-— — — is a whole negative number ; the 

n 

fecond, which defcends according to the dimenfions of 
the fame quantity x% terminates when -^— is a whole 
affirmative number. The fluent will terminate both ways 
when — - is a whole affirmative and m a negative num- 

h -A- t 

her greater than — . 

n 

5. When m is a whole number or =0, the fluent / a + bx" x h x 

can always be found in finite terms of x, or in the above- 
mentioned finite terms, together with the log. of x; 

which appears from reducing a + 6x" into fimple terms 

a m + ma m ~ x bx" + m . ~— a" 1 -* b % x z " + Sec. , and multiplying them 

into x h x, and finding the fluents of the refulting fluxions : but 
the feries found by the preceding method will not always ter- 
minate when wis a whole number, and the feries findable as 
above mentioned ; when properly corrected, it may be ren- 
dered findable, or, which means the fame thing, the feries 
may be made to terminate. 

6. When the feries which exprefTes the fluent of a fluxion 
terminates, we may begin either from one end of the feries, 
or the other; for example, in finding the fluent of the fluxion 



IS+I 



a + bx" x x h x, either aflume the feries a + bx" x (ocx b + t + 



-«-l-i 



gxW+t _|_ yffi+tt+i + & c< ) or the feries a+bx" x (A + Bx" + 
•£x M + 8cc.) ; the former, as is before mentioned, terminates 

when 
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'when "" ■■ ■■ • Is a whole negative number; the latter when — — 

« ° n 

is a whole affirmative number. 

In like manner affume for a defcending feries (hx" 4- «) w + r x 
(aV+ I— " + /5V+ 1 -" 2 " + ^ / ,r*+ I -3'' 4. &c), or (bx* + a') m + I x 
'( Ax~'"+ !R + Bx~ m + Z " + Cx~ " , +3" -^ &c.) -5 the former will termi- 
nate when — - is a whole affirmative; the latter when 



i-i-b+i 



is a whole negative number. 



It appears, therefore, that a feries will terminate equally 
by an afcending or defcending feries ; and the end of the one 
afcending feries is the beginning of "its correfpbndent defcend- 
ing one. All thefe feriefes* which do not terminate* proceed 
on in infinitum ; one term in the former feries becomes infinite* 
when h + 1 + zn = o ; and in the latter (L) when ton + h -j- 1 — 
%n — o, z being a whole affirmative number* 

10. It has been obferved in the Medit. Analyt. that if fome 
quantities contained in the given irrational ones are much lefs 
or greater than the reft, it may be preferable in the former 
cafe to reduce them into feriefes not proceeding according to the 
dimenfions of x, but according to the dimenlions of thofe 
tjuantities ; and in the latter cafe according to the reciprocal 
dimenfions of them | and particularly fo if the fluent or inte- 
gral of the terms of the refulting feriefes can be found in finite 
terms, or by tables already calculated. 

From fimilar principles to thofe before given may be found 
when the refulting feries will converge, and when not* 

This method will in many problems be ufeful, when the 
value of a near approximate is known. 

Vol. LXXXl. Y Of 
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Of this cafe "1 fhall fubjoin a few examples, of which fome 
have been already publifhed in the Medir. Analyt. 

Ex. i. Let the fine and cofine of a given arc A be refpec- 
tively j and c; then will the fine and cofine of an arc A + e, 
where e bears a very fmall ratio to A, be refpe&ively 

J+ £? __L_ e * ffL_- + i .^ + &c.(the fignspro- 

r 1 . 2)-- i . 2 . y i . 2 3. . 4»* v ° 

ceed by pairs alternately negative and affirmative) = j(i — 

-2_ 4 x,* + 1 ; x<*-&c.W- '— 3 + 5 

I . 2r i . 2 . 3 . 4r 4 ' \r 1.2.3/* 1.2.3.4.5^ 

- Sec.) ; and c - - e c? 1 H — _ x se 3 + &c. (the fiVns 

J ■ r 1 . 2>- i . 2 . 3' 3 v & 

proceed as before by pairs alternately negative and affirmative) 
= C ( I _ _L_ e *+ 1 . ? - &c.) - i (e - -i_./ + 

v I . 2r I . 2 . 3 . 4r 2 ' r v 2 . 3r a 

— , f S - &c) 



•a • 3 . 4 • 5^ 

This feries can alfo eafily be derived from Newton's feries 

by plane trigonometry, and will converge much fwifter than 

the feries A = + — r-i - &c. &c. if e bears a fmall 

1 . 2 . y* 2 . 3 . 4 . s *•■» 

proportion to A. 

Ex. 2. Let ifbea fmall quantity in proportion to /, and the 

given fluxion r . + (>+<) , = F+7 " p+Ty f + (FT?F xf ~ 

a / x ■ "f, ~? 4 — xf ! + &c. (P) ; the co-efficient of a term 
i x £ 1W of this feries will be a fraction whofe numerator is 



m 1 » ~T~7 .a " — * ; — »4i m 



r z + t* -m + i . - n x t x r' + t* + m+2 . 

a 23 

^—— x 3 x / x /■ + / - /» + 2 . - — . — - . - . — — . -T--- 

4 " 2 3 4 5 6 

X 
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' K 2 6 x t* x r + f * + &c, and denominator {f 4- r)" ! + r ; and 
the co-efficient of a term i x e zm + l will be a fraction whofe 



m+ I m 



numerator is 2/x(« + i . r +/ — w + 2 . . ~- x 2 x / x 

v 23 



ot+2 w+i »z tn — i , 1.4 



^ -1- r + « 4- 2 . — L^ . — '— . — . x 27 X r + t - • 

J 2 ' 3 4 ' 5 

&c.) and denominator (r 2 4- i?')"^ 2 ; m being a whole number. 
The continuation of thefe feriefes is too evident to need enuri* 
ciation, as muft generally be the cafe when the number of 
factors contained in the fucceffive terms continues the fame or 
increafes in arithmetical progreffion ; and the factors them- 
felves increafe or dirninifh in an arithmetical progreffion : the 
terms proceed alternately + and — by pairs. 

t . .1 * n • t e e 2te + e'xe 

2. 2. Let the given flmuon be pr^+7? =* 7F+? ~ F+7F + . 

(,' + ,*)? ^ c - ->>- + ,* (ri + < Y KH-/)' * e + 6CC * 

(Q); this fei-ies becomes the fame as the preceding by fubfH- 
tuting in it e for i\ in this feries tf is confidered as variable, 
in the preceding /. 

The fluent of the former feries (~P) is f- — 1— 4-— f — ■-* 

^ — _ x f - \ — ■ - ; .< x e z ■" &c. ; the fluent of the latter 
feries (Q) is the fame as of the former (P) except the firfr. 
term l-A — : the co-efficient of the term e b in the fluents will 

Jr' + t^ 

be the fame as the co-efficient of the term e b " 1 in the feriefes 
(P) and (QJ divided by h. 

This feries, when the tangent of a given arc is known, finds 
the arc whofe tangent differs very little from the given tangent. 

ii. Let t be increafedor diminjuhed by a quantity e in 
(P), where e bears a very fmall ratio to any root or value of / in 

Y ^ the 
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the equations P = o or - = o ; and the refulting quantity 

expanded into a feries a ~>r be -^ce* -\- de" + Sic. proceeding accord- 
ing to the dimenfions of <?, and this feries be multiplied re- 
spectively into i and e; and the fluents of the refulting 
fluxions found ; then will the former differ from the latter 

by /at ; for the former will be / ai + ae + -. x e^—f—— x e\ 



3 r 



+ &c, and the latter ae + —. ** + _?1_ + & c „ 



2. In the fame manner, if more than one variable quan- 
tities x, y, %, &c. are contained in (P), which are increafed 
by fmall increments or decrements «, (3 7 y, &c, may the 
increments or decrements of the quantity (P) be deduced from 
the incremential theorem. 

Ex. Let the quantity (P) be (a + bx*) m , and a, b, x, n, and 
m be increafed by very fmall increments «, /3, y, $, and s ; 

then will (a+ce+b+fi xx + y" ' ") m £ — (a + bx») m + (.a + bx n ) m x } 
log. a + bx" Xe + mx(a + bx") m ~* x (« + ■(&• + 3 (x"$ x log. # -J-; 
«v ,—, y))+&C. 

The terms are to be fo placed, according to the dimenfions 
of the increments or decrements, that the greateli may firft 
occur. 

1 2. Let {bme compound quantities be increafed by any fmall 
quantities variable or invariable, but not the variable quantities 
contained in them ; then reduce the given quantity into a 
feries proceeding according to the dimenfions of the fmall 
quantities, and find the fluent, integral, &c« as required. 

Ex. Let the given quantity be 



X X 



r/3 
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r&xx* 1 ,. m r+t v F-xx m r+J r + a &&* 

. „ , , i . . I, -t- f , x — — — — r , . ' '»««> x — - — — — — i _i» 

* +0 ) T •* (X + tf J "* (X +a J 5 

&c, where the quantity ■*" + «" is increafed by a fmall quan- 
tity 13 ; then will A, - * *< ;= /. „*/„ v - — . ( 7T— tt, - *» + * 
— n * p )+ _i^- B ( .^l +I - (« + ' -^T"i») x QJ 

/• y ~ g? r~^r-- («+i -7+S») xR) + !^£±L£±L* 

~(ot+ i — r + 3») xS) &c. The continuation of 



the feries is evident ; the letters P, Q, R, S, &c. denote th® 

fluents / , * * < ■ , / — ^-A~rr > /— : — Tv~c: > & c * 
v/(*» +fl ») r v'(^ + «")'+ I ./(*"+«") + 

From the length of the arc of an hyperbola or cllipfe given 
may be deduced by this feries the length of a correfpondent arc 
t>f an hyperbola or ellipfe, of which the equations expreffing 
the relation between its abfciife and ordinates differ only 'by- 
very fmall quantities from the equations expreffing the relation 
between the abfciffae and ordinates of the former. 

13. The fame principles may be applied to the refolution of 
algebraical, fluxional, incremential, &c. equations. 

Ex. Let LmM, &c. (Tab. IV. fig. I.) be a given circle^ 
whofe center is C and radius (r), and it ba required to find an 
arc LM, fo that the. area LSM defcribed round a given point S 
contained between the lines LS, SM, and the arc of the circle 
LM be equal to a given area («). 

Find an arc L.m=>A nearly equal to the are required LM, 
of which to radius i fubftitute s for the fine, and c for the co- 
fine, and write e for *»M = LM -hm and b for SC; then will 

LMx-(A+Jx IjrfeSCx^- x fin.jarc;LM(j'x-(A + ^- 

A + e 
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*s 



A-|-<? A + e t> s\ A b . r , b 

2 . 3?" 1 2 . 3 . 4. . 5r 4 JJ 2 2 2 2 ^ 

■'- xf- x /<?'- 4- — L_. x ce 3 ^ x se* ■ - — — - x rc J + 

2r V 2 2 . V 2 . ^ . &r* 2.3.4. ir 3 



ar 



2 • 3 r 2 . 3 . 4 r 2.3.4. 5^ 



on • „ I • • r 2« — Ptrzfzi X rs /-in- • 

&c.) = a ; in this equation for — — ~- fubititute #-, and 

for r±zbc write t, and the equation refuking will be e=^z 

b ; b , b 4 . b s 

— se'-i-— x cedt= ? x se z±z — x ce 

%tr 1.2. 30 -* 1.2.3. 4° I.2.3.4. 5<r* 

=+= &c. = 7r. From it find e in terms proceeding ac- 
cording to the dimenfions of w, and there refults £ = ;&-=*= 

— - X 7T =fc~ r-r x ir =±=&C. 

I . 2fr 2 . $t r*- 

This method of refolving Kepler's and other problems of 
cutting a given area defcribed round a point, whether focus or 
not, in a circle, when an approximate fufficiently near to the 
area to be found is given, will converge as fwift as any known 
method. 

The refolution of this problem may be deduced ibmewhat 
different by the following methods. Let the letters b t r, «, 
denote the fame quantities as before, and s be the fine of the arc 
L» to radius 1, and s -f the fine of the arc LM nearly = L.m ; 

then will — C ; *—= =?■■■£=.—■ x 7+ = « ; reduce the fluxion 
into a feries Pi + Qos + Ro*s + So 3 s + &c. and find 



the fluents of the fluxions Qi^ Ri, Si, &c, which let be B, 

' CD' 

C, D, &c, there will refult the equation + —c? + —o l + Sec. <= 

-^ — -^ = 7r, where t—Rr^br and A=:arc hm; find 

in terms of a feries proceeding to the dimenfions of tt, and 
confequently s + o the fine of the arc LM required. 

From 
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From fimilar principles may be found the tangent of the, 

arc required from the equation - / — — - =t= JLtiilTiLL. = « 

1 -H aji + {*+«)- av(I+ 7T?) ' 

where the tangent / to rad. I of the arc L.m = A is given. Let the 
fluent of the fluxion (- — - — -.) = A + B/ + C? + D*' + &c. ; 

and -i±i^L— = 'A' + B7 + C? + D? + &c, the equation 

• (!+* + «).. 

will become i + — — Sv r + -r 3 — -7- x r + &c. = — ; — = % ; 

from this equation inveftigate /=tt + P7r 2 + Q7r 3 -f &c, and 
thence ^ + / the tangent required. 

In like manner may be found the fecant, cofine, &e. of the 
arc required. 

14. The fame principles may be applied to cut an area de- 
fcribed round any given point in a given curve equal to an 
area a. 

Let x be the abfeifs and jy the ordinate of the given curve, and 
b the diftance of the beginning of the abfeifs from the given 
points, and let (A) be the area of the curve defcribed round the 
point S, when the abfeifs is x, which differs very little from 
the given area (a) ; to find the value x+e of the abfeifs, when 
the area = a. 

Letjy— X a function of x, and in X for x write x+ e, and 
reduce the refulting quantity (X') into a feries X + B<? + C** + 
"De } +8cc. proceeding according to the dimenfions of e; then 
will the area fyx = fXx + efBx + e % f Cx + e'fDx + &c. = 
A + be + ke z + !e" + &cc, and confequently A+he+k/' + Ie 3 + 



&c.zt:(Z>zZzX + e) x t = A + be + ke z + k 3 + &c,+i(fr+x + e) x 



(X + Be + Cr + De 3 + &c.) = A+.i($ ±x)xX + [i + |J±x x 

B 



■6o Dr. Waring on 



B+ fX)>+ (* + i(*±*)C + iB) / + (/+ -i^db* x D+ fC) *V 
&c. — a. ; find the value of e in a feries proceeding according to the 

dimenfions of tZ^—JJ- r~ x ) x . and x + e will be the abfcifs 

required; X denotes the value of y, when the abfcifs = x. 

From the fame principles may the ordinate y, &c. be found. 

This problem may be refolved in the fame manner, when 
X denotes an infinite feries deduced from an equation expreffing 
the relation between the abfcifs and ordinate of the given 
curve. 

If the given area a be the difference between two areas 
SPM (O and SPQ- (fig.a.); for « fubftitute«'-j3,and the 
operation will be the fame as the preceding. 

15. 1. Given any equations, of which thd increments of 
the quantities contained in them can be found from each other, 
and given approximate values of each of the unknown quan- 
tities, which nearly correfpond to each other ; to find approxi- 
mations, which differ lefs from the quantities themfelves than 
the given ones. 

Suppofe each of the given approximate values to be in- 
crealed or diminifhed by fmall increments or decrements, as 
e, 0, i, &c. which are the approximations to be found; and 
from the given find the equations refulting from this hypo- 
thetic ; and from thefe may be deduced, by fimple equations, 
the approximations fought e, /, 0, &c, by neglecting in them all 
the powers of f, 0, /, &c. except the fimple ones, and all the 
products of them multiplied into each other ; and eonfequently 
the equations deduced will contain only given quantities and 
iimple powers of the unknown e, i, 0, &c. to be found. 

2. When two or more («) values of one (x) of the unknown 

quantities are nearly equal to its given approximate ; then the 

7 equation 



Infinite Series. 1 61 

equation which finds the approximate to x will be a quadratic 
or an equation of « dimensions. 

3. The approximations found by this method will converge 
more or lefs, according as the approximations given are more 
or lefs near to one value of each of the unknown quantities 
than to the remaining ones, &c. 

Thefe principles were printed in the Medit. Algebr. in the 
years 1 768 and 1 769. 

t E M M A. 

15. Let kab (fig. 3.) be a circle, whofe center is »'; and ¥0 per» 
pendicular to the plane of the circle ; and the force of any cor-i- 
pufcle in the circle on the particle P vary as the eorpufcle 
divided by the (») power of its diftance from the particle ; to 
find the attraction of the circle kab on the particle P. 

From the fuppofita the force of any ring contained between 
the nearer} concentric circles led and hef of which the center 
is o f on the particle P, will be as the area of the ring divided 
by the «th power of the diftance ¥b ; and confequently if 
PijrzA, ob—v t hi=zv } and p =* periphery of a circle of which 
the radius is 1 ; the attraction of the ring on P will be as 

~ J > * V ' U . , and the force of it in the direction ¥0 as ~ x 
Jl. a . . PA** . f w hich fluxion the fluent is 

(A' + z/*) 7 (A*+w») l 

> £- ; and thence the force of the circle kab on the 

rr^x(A'+^) 4 

particle P will be as JZ*L~- =12*^ t-zJ-A . 

Vol. LXXXI. Z Cm 
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Cor. 1. The force of the area contained between the 
two circles hub and led on the particle P will be as =± — 

I— »P/t 

£A 

15. Let a folid be generated by the rotation of a givert 
curve round a line in the axis ¥0 or P<? produced, and A the 
diftance of P from 0, and x= diftance of any circle gene- 
rated by the rotation of a point in the curve round the axis 
P<? from ; and jy the ordinate to the given curve, of which the 
abfeifs is x ; and the fame things be fuppofed as before j 
then will the attraction of the folid on the point P vary as 

/ ' px A—xxjx / px \ r pxA-xxx 

n — ix (A— **+ // z 
Let the given curve be a circle, of which the center is o 9 

and radius ./, and confequently y z =zf-x\ and (1 px — ~ 

px A — xX x p 



-f- 



■y 



«— 1 . (A-#~+/ y * 

pxX A~x p 



i .»-3x(A-*)"" 3 



//>* X A — * ^ p f X , 

h-IX(A 2 + / 2 -2Aa-/ * 



3— « 



» — 5 . »— 3A 2 » — 5A K-5.M-3XA 1 ' 

By fubftituting — t and /. for x in the preceding expreffian 
the attraction of the whole globe on the particle P will be 

r 3 P /A s +n-3A./ + / 2 r— 3 ~* /r , A z -n-'iAt+t z 

found -£-{ i _^-^£_— — x A + * (L) - ==L~^~. x\ 

»-I^-5.»-?xA' v / d-t.s-wA 1 



-3— » 



A-/ (H)>. 

16. If the particle be fituated within the globe, and confe- 
quently A lefs than /or — /, and n be an odd number negative 

or 
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or affirmative; or fraction, of which the numerator is odd; 
then the preceding refolution will be phyfically juft; for in 
this cafe, if the attraction on one fide of the particle be affir- 
mative, the attraction on the other will mathematically be 
negative, that is, phyfically oppofite : but if n be an even 
number, or fraction* of which the numerator is an even and 
denominator an odd number, the mathematical folution will 
not agree to the phyfical ; for in the former the force on both 
fides will be affirmative, in the latter the forces will be oppo- 
fite, and therefore phyfically the force in this cafe will vary as 
Li+ H, and not as L - H, which is the force in both the cafes 
when A is greater than t and - 1. The fame may be applied to 
the more general refolution. 

i7.LetABCD (fig. 4.) be a globe, of which the diameters AB 
and CD are fituated at right angles to each other, and AHBL be 
a fpheroid generated by the revolution of an ellipfe on its axis 
AB, to which let HL nearly equal to CD = AB be the conju- 
gate, and P a point ia the axis BA produced; to find the attraction 
of the ring contained between the globe and the fpheroid on the 
point P, on the fuppofition that the force of any corpufcle in 
the ring on the particle P varies as the magnitude of the cor- 
pufcle directly, and the »th power of its diftance from the 
corpufcle inverfely. 

Let AB = GD = 2/, CD = HL(2c) + 2 CH = 2t'-h2A and 
■confequerttly OH = c=i — e, where e has a very fmall ratio 
to /, <?P = A, po~x, and ^M parallel to CD =y ; then, by 
the preceding lemma, the attraction of the circle whofe radius 

u 

lS/Mon the point P will be .4= —--=£ _ - >; _ I ; and in 

like manner the attraction of the circle, whofe radius is pm, 

7j 2 will 
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will be JL^L — % ■-■ -£ £- — ^— , and confequently the attrac- 



tion of the ring contained between the two circles is 



;xA~* 



«-i .?rn~* 



pxA-x p / A—x 



s - 1 . PM' 



a— I 



8 — 1 \ 



vB — I 



Wl 



Z v, /2 

A-x , j- ^TIxA^x(*-7) 

(A^x~+f-~x 9 ) z (A*+t % ~zAx) 2 

Sec. ~zpx.{t-~jx — , x * nearly,, which multi- 

(A 2 -H 2 -2A*/ * 

plied into x, and the fluent of the refulting fluxion found, it 
ill be px(A* + f-2Ax)~ *((=J =<d)x* - /^ + 1 

Wn-jxtA \n-$t i 

»-5A ' V»-3A »-3xA y «-i n-xA > 

e(M). 

If the attraction of the whole ring contained between the 
fphere and fpheroid be required, fubftitute in the fluent '(M) 
for x, t and — /, and proceed as in the preceding cafes ; in like 
manlier may be found the attraction of the ring contained 
between any two values of x. 

18. The fame principles may be applied to find the attrac- 
tion of the above-mentioned ring, when the line Pp is not 
perpendicular to the circles pM, pm, CD, &c, and does not cut 
the diameters CD, M'M, &c. into two equal parts. They may be 
further applied for finding the attra&ion of rings contained 
between any other given folids, of which the equations differ 
by very fmall quantities from each Other; for example, 
7 between 
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between two fpheroids, of which the axes in the one do not 
differ much from correfpondent axes in the other, in which 
cafe the fluents found of the following fluxions may be 
ufeful. 

n — 4«» — 6 * | » — 4«« — (> . h— 8 

r J--==-^==— =~~ x """ \i— 7 + = == ===== ' rf X 

1 ' a— 3 . «— 5 . » — 7/ j — » — 3 . «— 5 .. » — 7 . » — 9/* 



* »— 4 . » — 6 , » — 8 . . . q # 

± X • + 



( 



Y—l n—$.n—s.n-'j.n—Q...2.t''~l c ~* 

1 — * / 



ta,- * =.■-■- .; — i. - .~i =s,-— - — — - x / _ — - if n be an odd num- 
n — 3. n— 5 . »-7 . »-9 . . 2<*~~ 3 */ /— # 

ber; but 

2 / 2 £ ~ * x - -1- n ~ 4 x - 

«— 4 . n — 6 * 

^/jEL-JH_-J^ : • • • 4 • 2 x— ^— x , if * be 



+ Z— -==- 6 x — r^r 7 ..... +, 



«_ 3 . jb— 5 . 8-7 . 0-9 . »-ii . . .'. 3 . ii" -2 (* 2 -**) 5 
even. 

Thefe principles may be applied to the finding approxi- 
mations in very many philofophical problems. 

Cor. 1. From hence may be deduced the fubfequent arith- 
metical theorems. 

1 2m— 2 2m~2.2m — 4. , . 

J, + a---..- asaaattg + 1 r- — « — =~ •+• 

2»— I zm — I . 2m— 3 2/» — I • 27K — 3 . 2»2 — 5 

im~2 . 2in — ^.'i.m — b 2W — 2 . 2w- 4 . 2tn~b .. .. 2 

—11 i _- ' , . .""" ":** ."., :' ,.^ — * "" * ■ " ■- — -— ' ' ■■ - • • • • • " '"' "~ V"*" ' :■'■!■ ■— .1 ■ 1 • t~, ' ~ 1 M '" 

J5«— Ii3« — 3.-.-4W-5.2OT— 7 27«-I .2OT-3.2m-5.2w— 7 ...3. I 

'» 1; or, which is the fame, -— — - + — — „ + 

1 — ' ' %m— 3 i m — 3 . 2« — 5 

2OT-4 
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2?»~4X2W-6 ( 2W — 4 . 2« — 6 . 2OT— 8 . . . 4X 2 



.+ 



2m — 3X2ot — 5X2/W— 7 aw— 3 . 2«- 5 . 2m— 7 . 2m — i) ...3x1 

1 , 2m— 6 2/»-6 . 2m-8 ...4x2 

= I , Or » + =■— = r— •. . . . + gr- r-i r- v— , - ■ 

im — 5 2m — $.2m—J 2/rt— 5 . 2ffl — 7 . 2ZH — 9 . . . 3X I 

= I, &c. 

I , 2« — 3 , 2/« — a . 2m — 5 

2«— 2 2wi — 2.2m — 4 2«~2 . 2»2 — 4 . 2/» — 6 

2»i- 3 • 2/« — 5 . 2«— 7 

~'~ " * == ^ « • • • *T" 



im—z . 2»2 — 4 . 2ffZ — 6 . 2W — 8 



2OT-3 . »-<; . 2«-7 . 2OT- 9 . . . 7.5 . , 

_ — ______-;; ^____ i ___^ j^ . -f- a x I 



2m — 2 • 2« — 4 • 2m — b . %rn — 8 . 2m— 10 .* . .-6 . 4 
2m-a . 2ot — 5 . 2m— 1 . 2m — a ... 3 

===== — i=== — ===== — 4= — - - - 3 = 1, or 

■2.m—2 . 2w— 4 . 2/n — o .2m — # • 2m— 10 . . 2 

1 , 2«-5 , aw — 5 • 2OT-7 , . 

-+- = , f T «^ ■- = = -■■ - ■ - v ....+• 

im — 4 2m — 4 . '2m — o zm — 4 . %m—o . 2m— 8 



2/W-5 . 2m - T. 2W-9 ... 5 
zm— 4 • 2«- 6 . 2»z— 8 ... 4 



2m— S. . 2m— 7 . 2m— q • 2m— 11 . • ♦ g -3 



= I, &C. 



2//" 



-4 . 2w-6 -. 2»»— 8 . 2m— 10 ■■« 2«— 12 ...4.2 
3. By expanding the / terms of the preceding fluents may 
be deduced the arithmetical theorems, viz. 



T _JL_x»-? xn- 1 .»+ 1 • k + 3 • • . . « + « + =2— 4= 
«-3 '»-3- M -S 




xM-7.»-5.»-3>»-i"-K + «»-4 + 



__^ \^L--l± — — =. x« — 9 . « - 7 . « — < . n— 2... n+m — 6 
n-j.n-5.t-i ."-9 ■ 

»— 4 . »-fr'g -8 ■•«— 10 3 y - . /: p 

_|. .... + =====r—====—-= — _ — — - — 7- 77 ^ x z . 4 . o . o . . . 



-7 . n — q . n — II • . . 2 



OT + 5 + 



^i^±^ 111" ^U— x 2 x 4 x 6 x 8 . . . 



n—^.n — ^.n — 7 • « — 9 • b — II •••2 



m + 5 





an 

1 

-3 

-s 


1 _ 

fb 

odd 
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• 


> 


1 


67 


m + $ x 
if n be 


n— i . n 
number. 


+ 1 


. n + 3 


+ $.. 


, . S + W+2X- 


1 

+ 6 


2. — 

Ti- 


x » 


- 3 . n 


— 1 


. «+■ X 


*» + 3 


. . . « + 2#i 4- i 


+ 


ll — 4 

»-3 . B- 


x » 

-6 


- 5 . ,«- 


-3 


. # — 1 


»+. 1 . 


. . . .K + 2/W— I 


+ 


« — 4 


x « — 7 . 


«~ 


5 . » - 


3 


. n— 1 


.... »+ 2» — 2 


; + 


«-3 •«- 


-5 

» — 


. « — 7 

6 . «- 


h-4« 


_ y — 


-9 
8 • . 


. «- 7 , 
• 2 

. . 3 XI 


X 


~5 - n ' 
1.3. 


- 3 . . . • . n + zrn - 


-5 


B-3-W- 


■J- 
-3 


a— 7 
n — 4 
. « — ^ 


. M — 9 

. a — 6 . a — 

; . a— 7 . a 


... + _ 


5-7.. 2OT+5 





n — 1 . » + 1 .»+j.«+c...» + 2ffl + jx — — , if » be an 

even number. 

4. Arithmetical theorems, fomewhat different, may be de- 
duced from taking the fluxions of the preceding fluents, and 
reducing the fractions refulting to a common denominator by 
multiplying them into f -x % 9 (£ — #*)% (f — x 1 ) 3 , Sec. 



1 „JT, "-4 ~ — ~, g-4.»-6 



1 . x n - 4 + = ■■■■.- S==s x n — 7 4- - — ■ = -■ ' x n — 1 o 

»— 3 a— 3«a— 5 n—2)-n—^.n~-] 

r n — 4.*n — b-n—?> — - . a — 4 . » — b . a— 8 . . . 2 

J. T... = — ===== — ===== X « - I 3 . . . 4" ==--^==— .; — — — ,- - s-A. 

• a— 3 . «-5 • «— 7 • a— 9 M-3.B-5.a-7 .» — 9.. .2 

, *_ w a— 4 . «-6 • a— 8 • w— 10 ■ • • 3 „ K ~ 3 _ ^ :r „ 1 

x j. " — - — — Z — — — t- — .... — — » x - — = o, it n be 

a «— 3 • «— 5 . » — 7 . n— 9 . a— 11 • • • 2 2 

odd. 



— — . a — 4. , a — 4 • a— 6 



x » - 4 4-.===— 2===r x « - 7 4 ■ — x « - 1 o 



» — 3 " — 3. » — 5 a— 3«a — 5-a— 7 

7-"!- a — 6 • a-d " , a — 4. . a -b • w-8 . .. 2 

= x n— 13 . . . + — 



a_3.a-5.a- 7^-9 a-3.a-5-a-7.a-9... 3x1 

x i__ =o, if n be even ; or more general, if n be even, 

3- 
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- 4 . i, — b • n 8 ...» — i.m— 2 



w— 3 . h~5 . n — j . n — q • . . »— ztn — 3 



X « - 2/W — 4 + 



- 4 • h — b • w — 8 • w — I O . . • n — 2m — 4 



» — 3 .»— -5 . n — -j .n — 9 . «"» II . . -n~im — 5 



(OT4-I X «— zm—6 — l) 



+ - 



« — 4. « — 6 ■ »— 8 • w — 10 • w— 12 . . .» — im— >6 



» — 3. « — 5 • « -* 7 . « — 9 i « — 11 , « — 1 3 . . . n — %m — 7 
/- — ; — m + 2 rr A 

\m +■ 1 . - — - x n — ztn — b — m +■ z) 4- 



»-*4.<i-'6 ■»- 8 . b — 10. «— 12 • n— 14 ... . w— 2w — 8 



»— 3 • »-*S •»-? • » — 9 • »— II • B— 13 . «— I5 • . . B-2JW— 9 

. m + 2 m+2 ' ' " ' ' * -* m-i-Q\ 

(m+ i . - — > . - x n — zm — 10— -m 4- 2 . ~ZJ ) 4, 

23 2 / ' 



w — 4 . b — 6 . «— 8 * »— » 10 • • . • »— '2m— 10 



2— 3 . n — 5 • «-*7 . n — q- b— H...B- 
w+4 



-2/h— 11 



= X (»/ + 



X 72 — 27» - 1 2 - W 4- 2 . 
4 2 



+3 «+4 \ 



w — 4 . n — 6 . » — 8 . • . . 2 

^l • »-'s •« i -7 • • «3 X * 

= 0. 



X -/W+2. 



3 V 
0«4-3 »» + 4 



W+2 flt+3 

2 3 

• • • • • "j- 

«-4 



«— 2»»— .6 



a — 4 . k — 6 . «— 8 • • n-^zm — 2 



n— 3 • « — 5 • »— 7 • n — 9 . . b— 2«— 3 
n — 4 . w— 6 • »— 8 . •• w--2» — 4 



i X » — 2«J— 4 *f 



X (m+i x » — 2« - 1> — i) 4»j 



M+2 



W — 3.H— 5-n— 7 .» — 9 ... it — 2ffl — 5 

» — 4 . » — . w — 8 . . . n — 2tn — b , /- ■ riiA--j ~*- 

c=— t ° a X(/S+I .--2_. X «-2W-S-»] 

?; — 3 . «— 5 . n — 7 . m — 9 . . . n— 2m— 7 ; a •-■■-.- . J 

— — - — n « — 4 • " — 6 . «— 8 . . . «— 2«— 8 / — m + z 

m+2) + ^ =± — ^ xfa+I . ~^X 

ra — 3 . » — 5 . n— 7 . « — 9. . .n — 2m — g v 2 



X n — zm ~~ 10 — m + 2 



«4 3 



) + 



*••«!> 



+ 



^-4. W -6. W -8.. V 5X3 ..> > J m+2 m+ 3 „->.$ 

« — 3.B-5 .»-7 . h — 9...4X 2 N 23 n — 2.m — ^ J 

m + 3 m+4 » — 5 

- , « , i # 6 1 . .. 

2 3 « "*■ 2« •» _ 

& — 4 



_f- a 



7)- 
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I-— — _ _ ^ ■ == — =-■ . ■■ ■* ■ ■ ■- ■■■ X w + 2 . — — - X — — 

n — 3 . a— 5 • « — 7 . »— 9 ... 4x2 2, 3 



"~3 



o, if « be an odd number* 



Many more arithmetical theorems may be deduced from the 
fluents of thefe and other fluxions by fimilar methods, which 
cannot, without fome difficulty, be found' from the common 
methods of finding the fums of feries. 

This method of finding approximations to the areas and 
lengths of curves, fluents of fluxions, and fums of feries, &c. of 
which the equations, to their increments, fluxions, &c. are given 
from the areas of curves, fluents* &c. of which the equations 
to their increments, &c. differ by very fmall quantities from 
the given equations was publiihed in the Meditat. Analyt. 
near twenty years ago. 



I {hall conclude this Paper with two theorems of fbme little 
tffe in the doctrine of chances. 

THEOREM I. 



H = a + bxa-{-b — 1 . a + b-2 '■» a + b- 3 *., * a + b — n-^i 
t: a . a— 1 .a — 2 . . a — n+ 1 -\-n . a . a — 1 . a— z . . a n+ 2 
X^ + « . ^—^ xa . a— 1 ,a — 2...a — n + ^xb . t>— i+n * 



Zzl , r L-l a . a- 1 . a- 2 . . a - n + 4 X h xb - X • b. - 2 +.' 
+« . ^— . — - . — * .... —■ (L) tf . a - I . « - 2. 

2 3 4 / ^ / 



^-3 . . . a-n + l+i xb ,b*-i * b^2 . ; . £•>-/+ 1 + . . .+ 
Vol. LXXXI. A a n » 
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n-x 



■ n . -. — _ a . a — j . b . b — i . b — 2 . . b — n + \ 4-na.b.b—i 

2 ° 



b — 1 . . . b — n+ z+b . b — 1 . b~ 2 , . . b — «+i. 

If for ^-f-^" 1 ' ^ + ^~ 2 » a-\-b — %, &c, #— 1, «-2» 
&d, b— 1, $—2, &c. be fubftituted refpe&ively « + ^-x, 
tf+^-r-2X, <2 + £ — 5#, &c, « — #, « — 2#, a — 3X, &c, „.$ — #, 
^ — 2#, b — 3#, &c, the refulting equation will equally be juft ; 
and, laiily, if for x be fubftituted o, it will become the bino- 
mial theorem. 

Cor. If there are two different events A and B, of which 
the numbers are refpedlively a and b, and their chances 
of happening alfo as a -and b ; and if A's happen, let the 
whole number (a-{-b) and alfo the number of A's be dimi- 
Bifhed by x, and in the fame manner of B's happening, and 
jfo on; then will the chance of A's happening »— / times, 
and B's happening / times in n trials be L x a . a - x . a — zx>» 
a-{n-l—i)xy.b . b-x . b— zx . . b — (J~j)x divided by H. 

In a fimilar manner may be found, 1. the chance of Aj?. 
happening between h and k times j and, 2. the chance of A'$ 
happening (£) to B's happening (//) times ; 2. of A's and B's 
happening refpe&ively b and k times more than the other %. 
4= the chance of A's happening an even to its happening an 
odd number of times, &c. in (a) trials, &c. &c. &c. 



THEOREM II. 



Hssa+b + c + d + Scc. Xa + b + c + d+&cc. ~xXa + b + c + d 



•+ &c. - — zx . . . . a +b + c + d +&cc.- (« -< j)x = a . a- x . a — zx 
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n i 

2 



•f n . — ■ . a , a — x . a — zx . . a •■*»• n >*■ %x x (h . ^ ~ ^ + c x t '-» a? 



/? — x. tf — 2a; ... a — / ■» i,vx£.£ — x.^-2a: . . b — m^-\x 



XC .-.' <?-"# . C—2X . i c ~ p ■<* IX X V i d-°-x . d*- 2X . . » 

«*- 1 »— 2 

3 



d - q - i#x&c. =* K) +&c.» where L = » k - — . — — . » 



77— /+i — . n-l—x n — l-^.% n—l—m±l . ~— ; — -7- 

/ a 3 *» 



m 



_ . _ X. n ■*■ I *± m ^- p * 

2 3 £ * 

"-'-"-'-J . n ^±^-Azl . . ^±^z±^i±i * &c. which is 
2 3 ? 

the fame as the co-efficient of the term af'X.&'x.&x.dt 
X&c. in the multinomial <z + £ + c 4- </ 4- &e. raifed to the 
power »* 

The chance of any number of events A, B, C, D, &c. oi 
which the numbers area, b> c, d$ && happening/, tft, p t q, &c. 
times refpe&ively in a fimilar manner to A's. and B*s happening ia 

the preceding cafe will be -^~ * 

All the propositions mentioned ^s immediately deducibB 
from the preceding theorem may* mutatis mutandis, with the 
fame eafe be applied to more events A, B, C, D, &c. 

If for a, b, c t d$ &c. be fubftituted the fame letters, in- 
creafed or diminimed by any given quantities, the refultin^ 
equation will be equally true* 



Aai £&■ 
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